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Topological phases in non-Hermitian systems have become a fascinating subject recently. In this
paper, we attempt to classify topological phases in 1D interacting non-Hermitian systems. We be-
gin with the non-Hermitian generalization of Su-Schrieffer-Heeger(SSH) model and discuss its many
body topological Berry phase, which is well defined for any interacting quasi-Hermitian systems(non-
Hermitian systems that have real energy spectrum). We then demonstrate that the classification of
topological phases for quasi-Hermitian systems is exactly the same as their Hermitian counterparts.
Moreover, we find that unitarity can even emerge for fixed point partition function describing topo-
logical phases in 1D non-Hermitian systems with local interactions. Thus we conjecture that for
generic 1D interacting non-Hermitian systems, the classification of topological phases is exactly the
same as Hermitian systems.
Introduction – Recently, topological properties of non-
Hermitian Hamiltonians have drawn much attention
both experimentally1–19 and theoretically20–58. Inten-
sive studies have been focused on topological phases in
non-Hermitian free fermion systems59–64 and phase tran-
sitions among them21,65–71. Unfortunately, the general
classification scheme of topological phases in interacting
non-Hermitian systems is still lacking. In principle, the
concept of entanglement pattern(with or without global
symmetries) can still be used to define and classify topo-
logical phases for non-Hermitian systems and character-
ize their ground state properties, though some technique
details such as local unitary(LU) transformation need to
be modified to fit the non-unitary time evolution for non-
Hermitian systems. On the other hand, as a fundamental
property of ordinary quantum mechanics, unitarity plays
an essential role in modern physics, and it will be of great
interest to investigate how unitarity can emerge from an
underlying non-unitary system.
In this paper, we attempt to provide a complete clas-
sification of topological phases in 1D interacting non-
Hermitian systems. We first demonstrate that the clas-
sifications of topological phases for quasi-Hermitian sys-
tems with real energy spectrum are the same as their
Hermitian counterparts. This is because these kind of
non-Hermitian Hamiltonian can always be mapped to
their unique Hermitian counterparts via local similar-
ity transformation. Thus, they have same topological
invariants as their Hermitian counterparts, while the
edge states can also be mapped to the ones in Hermi-
tian case with a local similarity transformation. Phys-
ically, the topological Berry phase of quasi-Hermitian
systems can be regarded as a C× valued phase factor
instead of the U(1) valued phase factor in the usual
Hermitian systems under adiabatic evolution. Mathe-
matically, similar to Hermitian 1D bosonic symmetry
protected topological(SPT) phases which are classified
by second group cohomology H2(G,U(1)T )72–77, quasi-
Hermitian 1D bosonic SPT phases can also be classi-
fied by H2(G,C×T ). Since H2(G,U(1)T ) is isomorphic to
H2(G,C×T ), the classifications of their topological phases
are the same. As 1D local fermionic systems can always
be mapped to 1D local bosonic systems, the above con-
clusion is also true for interacting fermion systems.
Then we study non-Hermitian systems with complex
energy spectrums. In this case, topological invariants are
not always well-defined as ground state is allowed to by-
pass an excited state without level crossing. However,
the topological quantum field theory (TQFT) approach
still suggest that quasi-Hermitian systems might cap-
ture all possible topological phases for 1D non-Hermitian
quantum systems(including those non-Hermitian systems
with complex eigenvalues). Moreover, we find that uni-
tarity might even emerge for fixed point partition func-
tions describing SPT phases as well as Kitaev’s Majorana
chain model78, thus we conjecture that for 1D interact-
ing non-Hermitian system, the classification of topologi-
cal phases is exactly the same as Hermitian systems.
A simple example: Su-Schrieffer-Heeger(SSH) model
with interactions – Without loss of generality, we
take SSH model which is well studied for both non-
interacting79–82 and interacting83–86 cases as a simple ex-
ample. We begin with a non-Hermitian non-interacting
SSH model of the nearest neighbor hopping of spinless
electrons on a one-dimensional chain with two atoms per
unit cell, as shown in Fig. 1(a), with the Hamiltonian
HSSH =
∑
i=2n−1
(
αi,rt1c
†
i+1ci + αi,lt1c
†
i ci+1
)
+
∑
i=2n
(
αi,rt2c
†
i+1ci + αi,lt2c
†
i ci+1
)
, (1)
where ci is the annihilation operator of electrons on site i,
t1 and t2 are real numbers related to the hopping integrals
of electrons between nearest sites in the same unit cell
and in different unit cell respectively, αi,l(r) are nonzero
real numbers. If we take αi,l = αi,r = 1, it reduces to
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FIG. 1. (a) Illustration of a non-Hermitian non-interacting
Su-Schrieffer-Heeger (SSH) model of the nearest neighbor
hopping of a spinless electrons on a one-dimensional chain
with two atoms per unit cell. (b) Schematic picture of the
non-Hermitian SSH model on a ring with a twisted boundary
condition and an inserted θ flux. (c) Illustration of energy
spectrum of both Hermitian and quasi-Hermitian SSH model
under OBC with N = 1000. Two bulk states marked by red
and blue become edge states with the reducing of t1/t2.
the well known Hermitian SSH model. For a half-filled
Hermitian SSH model, there is a topologically nontriv-
ial phase at t1 < t2 and a phase transition at t1 = t2
to a topological trivial phase. The topological proper-
ties of such a phase can be described by the topological
invariants, the winding number in k space, of the bulk
state with periodic boundary conditions (PBC) or the
zero energy state at edge with open boundary condition
(OBC). This is the so-called boundary-bulk correspon-
dence in free fermion systems. The topologically non-
trivial ground state is protected by charge conservation
and anti-unitary chiral symmetry S defined as:
SciS
−1 = (−1)ic†i , Sc†iS−1 = (−1)ici SiS−1 = −i
(2)
Notice that although we need translational symmetry to
calculate the winding number in k-space, the topological
phase is not protected by the translational symmetry.
Then we move to the non-Hermitian SSH model and
check whether there is still a nontrivial SPT phase or not.
At first, we consider a special case with αi,r = α−1i,l = αi,
which can be mapped to the Hermitian SSH model via a
similarity transformation:
ci →
i−1∏
j=1
α−1j
 ci, c†i →
i−1∏
j=1
αj
 c†i . (3)
This means the non-Hermitian model has a real spectrum
although its Hamiltonian is non-Hermitian. We call such
a special class of non-Hermitian Hamiltonians as quasi-
Hermitian Hamiltonians87. In fact, the quasi-Hermitian
model has exactly the same spectrum as the Hermitian
SSH model as shown in Fig. 1(c), which means that there
are zero energy edge states at t1 < t2 and no zero energy
edge state at t1 > t2. However, this does not mean that it
is a topologically nontrivial phase. We must prove that
the zero energy edge states are related to some topo-
logical properties of the bulk and protected by certain
symmetries, especially for systems with interactions.
To detect the topological properties of the bulk, we
need to connect the two ends of the chain to form a
ring as shown in Fig. 1(b) and calculate some topolog-
ical invariants of the system on a ring. In the Hermitian
case, one uses the PBC, which corresponds to connect-
ing the two ends with t2c†Nc1 + t2c
†
1cN , and calculating
the winding number in k-space. However, in the most
general quasi-Hermitian cases, the system does not have
translational symmetry, one can not do calculations in k-
space. Instead, we must use the twist boundary condition
(TBC)88, introduced by Y. S. Wu et al to study quan-
tum hall state89, to calculate the topological invariance
of the ground state. The basic idea is to introduce an ad-
ditional phase factor eiθ in the boundary conditions, i.e.
eiθt2c
†
Nc1 + e−iθt2c
†
1cN which corresponds to inserting a
θ flux in the center of the ring as shown in Fig. 1(b).
Obviously, the ground state wave function depends on
the phase θ. By further assuming that the many-body
ground state of the system is separated from the excited
states by a finite gap for all values of the twisted phase
θ, one can define a topological invariance by the total
flux of the Berry-phase gauge field associated with the
ground state over the θ-space, i.e.
C = i
pi
∫ 2pi
0
〈ϕG(θ)| ∂
∂θ
|φG(θ)〉dθ, (4)
where 〈ϕG(θ)|(|φG(θ)〉) is left(right) many-body ground
state of the non-Hermitian Hamiltonian. The advantage
of the TBC is that it can handle general cases with in-
teractions and without translational symmetry.
A simple calculation shows that the resultant C gives
the correct boundary-bulk correspondence in Hermitian
case. However, such correspondence is absent in the
quasi-Hermitian case. This can be understood from the
similarity transformation Eq. (3). After the transfor-
mation, the quasi-Hermitian SSH model with PBC is
mapped to a Hermitian SSH model with a boundary con-
dition γt2c˜†1c˜N + γ−1t2c˜
†
N c˜1 with γ =
∏N−1
i=1 αi. Such
a boundary condition breaks the chiral symmetry, and
thus the boundary-bulk correspondence of the SPT state.
However, if we consider a different boundary condition:
αN t2c
†
1cN + α−1N t2c
†
Nc1 (5)
with αN = γ−1 =
∏N−1
i=1 α
−1
i , the corresponding Hermi-
tian Hamiltonian after the mapping will be the Hermi-
tian SSH model with PBC, and one should have a correct
boundary-bulk correspondence. This has been confirmed
by our TBC calculations, which shows that a winding
number 1 for t1 < t2 and a winding number 0 for t1 > t2
as long as all the αs satisfy
∏N
i=1 αi = 1. If one con-
sider the case α1 = α2 = · · · = αN−1 = α, according to
above analysis, one should impose a boundary condition
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FIG. 2. Illustration of energy spectrum of many-body ground
state and first excited state of the quasi-Hermitian SSH model
in the parameter space of twisted phase (a) without interac-
tion and (b), with small intra-cell interaction Unˆi,Anˆi,B which
respect chiral symmetry. We set t1 = 0.8, t2 = 1, U = 0.1
and N = 10. Since energy spectrum is real under proper
boundary condition, topological invariant is well-defined for
all parameters. Energy spectrum of many-body ground state
and excited states of interacting non-Hermitian SSH model
with complex eigenvalues in the parameter space of twisted
phase with proper boundary condition are drawn in (c) and
(d). We set t1 = 0.6, t2 = 1, N = 10, µ = 0.1i and U = 0.1. It
is obvious that the real part of gap between ground state and
excited state shown in (c) is much bigger than the imaginary
part of ground state shown in (d).
with αN = α−(N−1). And the similarity transformation
Eq. (3) indicates an imaginary term in k after Fourier’s
transformation of ci. This provides an explanation of
the failure of conventional winding number in k-space in
non-Hermitian SSH model and the success of the winding
number in a complex k-space in the literatures20.
To check whether the topological phase is protected,
we introduce a small difference of chemical potential and
a small Coulomb repulsion between electrons in same unit
cell, and the Hamiltonian becomes:
H =HSSH + µn2i−1 + U(n2i−1 − 12)(n2i −
1
2). (6)
We first consider a simple case with U = 0.1 and µ = 0,
where the interaction terms after the similarity trans-
formation Eq. (3) also respect the chiral symmetry Eq.
(14) of the Hermitian SSH model. The winding number
calculated with TBC depicted in Fig. 2(b) demonstrates
that the ground state remains topologically nontrivial at
t1 < t2. It is reasonable to believe that the topologically
nontrivial phase discovered above is protected by a quasi-
Hermitian version of chiral symmetry S˜, which is related
to S by the similarity transformation Eq. (1):
S˜ciS˜
−1 = (−1)i( i−1∏
j=1
α−2j
)
c†i , S˜c
†
i S˜
−1 = (−1)i( i−1∏
j=1
α2j
)
ci
S˜iS˜−1 = −i. (7)
Again, according to the similarity transformation Eq. (1),
the phase should belong to the same topological phase as
its corresponding phase of the Hermitian SSH model.
There is a more profound and general understanding
of the similarity transformation Eq. (3). In quantum me-
chanics, two wave functions ψ and φ differ by a nonzero
complex factor, i.e. φ = zψ with z 6= 0 , correspond
to the same physical state. A theory should be invari-
ant under local gauge transformation ci → e−iθici, c†i →
eiθic†i . If θis are real numbers, they are just the U(1)
gauge choice of local basis. However, for quasi-Hermitian
systems, we can consider the most general C× gauge
choice with complex θis, and the similarity transforma-
tion Eq. (3) is exactly a local C× gauge transformation.
Thus, the corresponding topological Berry phase arises
from adiabatic evolution should be described by a C×
valued gauge field for generic quasi-Hermitian systems.
Classification of topological phases in 1D quasi-
Hermitian systems. Now we move the discussion for
generic interacting quasi-Hermitian systems. For 1D
Hermitian bosonic systems without any symmetry, it
is well known that any gapped quantum state can al-
ways connect to a trivial product state without phase
transition72,90. Obviously, such a statement still holds
for 1D non-Hermitian bosonic systems and SPT phases
are still the only possible topological phases. Let us con-
sider the following topological invariant partition func-
tion for bosonic SPT phases protected by a unitary finite
group symmetry G in quasi-Hermitian systems (defined
on arbitrary branched triangulation of a 2d manifold):
Zf =
1
|G|Nv
∑
{gi}
∏
triangular
ν
sijk
2 (gi, gj , gk), (8)
where |G| is the order of the group, with Nv the number
of total vertices, and sijk = ± is determined by the ori-
entation of the corresponding triangular. ν±2 (gi, gj , gk) ∈
C× is a function of group element gi, gj , gk satisfying
ν±2 (ggi, ggj , ggk) = ν±2 (gi, gj , gk), which can be naturally
regarded as the C× valued symmetric topological Berry
phase term for quasi-hermitian systems. Moreover, we
can further impose the following condition:
[ν+2 (gi, gj , gk)]∗ = ν−2 (gi, gj , gk). (9)
This is because for quasi-Hermitian systems with real
energy spectrum, the time reversal symmetry can always
be realized by complex conjugate operation. On the other
hand, time reversal can also be defined as reversing of
branching arrows, which naturally reverses time ordering
and the orientation for a given triangulation.
4FIG. 3. 2D Pachner moves (re-triangulations) with time
ordering
Furthermore, as a topologically invariant partition
function, it must be invariant under all possible Pachner
moves(re-triangulations) for arbitrary branched triangu-
lation. For the 2↔ 2 moves, we have:
ν+2 (g0, g1, g3)ν−2 (g0, g2, g3) =ν−2 (g1, g2, g3)ν+2 (g0, g1, g2)
ν+2 (g1, g2, g3)ν+2 (g0, g1, g3) =ν+2 (g0, g2, g3)ν+2 (g0, g1, g2)
(10)
Similarly, for the 1↔ 3 moves, we have:
ν+2 (g0, g1, g3) =ν−2 (g1, g2, g3)ν+2 (g0, g2, g3)ν+2 (g0, g1, g2)
ν+2 (g0, g2, g3) =ν+2 (g1, g2, g3)ν+2 (g0, g1, g3)ν−2 (g0, g1, g2)
(11)
All the above four equations form a consistent algebra,
and they lead to the unitarity condition for ν±2 :
ν+2 (gi, gj , gk)ν−2 (gi, gj , gk) = 1 (12)
which further unifies the above four equations into the
well known 2-cocycle equation of ν+2 :
ν+2 (g1, g2, g3)ν+2 (g0, g1, g3) = ν+2 (g0, g2, g3)ν+2 (g0, g1, g2)
(13)
Thus, we conclude that for quasi-Hermitian system, SPT
phases are still classified by H2(G,U(1)) and unitarity
emerges for fixed point partition function.
The above results can also be generalized into anti-
unitary symmetry cases straightforwardly. In fact, from
the perspective of mathematics, the classification of
topological phases in quasi-Hermitian case is given by
H2(G,C×T ). For any finite group or compact Lie group
G, the natural inclusion U(1)T ↪→ C×T induces isomor-
phisms Hi(G; U(1)T ) ∼= Hi(G;C×T ) for all i > 0, i.e. the
classification of quasi-Hermitian Hamiltonian is same as
the corresponding Hermitian Hamiltonian (see Appendix
A for details). Moreover, since 1D local fermionic sys-
tems can always be mapped into local bosonic systems,
the above claim also holds for classifying SPT phases in
1D quasi-Hermitian fermionic systems. It is well known
that the only intrinsic topological phase in 1D fermionic
system is the so-called Kitaev’s Majorana chain. The
above derivation of emergent unitarity is still correct for
that case, see Appendix C for details.
Classification of topological phases in generic 1D non-
Hermitian systems. At last, we are going to consider the
most general non-Hermitian case, where the eigenvalues
of Hamiltonian could be complex numbers. In Fig. 2 (c)
and (d), we show the real and imaginary part of spectrum
of the model Eq. (6) with α2i−1,l = −α2i−1,r = 1, α2i,l =
α2i,r = 1, t1 = 0.6, t2 = 1, µ = 0.1i and U = 0.1
at various twist angle θ. Although defining symmetry
is subtler for systems with complex eigenvalues, in this
specific case the chiral symmetry can still be defined as:
Sc2iS
−1 = (−1)ic†2i Sc†2iS−1 = (−1)ic2i
Sc2i−1S−1 = (−1)ic†2i−1 Sc†2i−1S−1 = (−1)ic2i−1
SiS−1 = −i (14)
However, when we take θ from 0 to 2pi, a generic state
might bypass another state without level crossing, and
one can not calculate the topological invariant C for that
state. This happens only when the energy spectrum is
complex. Fortunately, the ground state, which is con-
sidered to be the one with lowest real part of the en-
ergy, still has a well-defined C when t1/t2 is away from
1. This is because that the gap between ground state and
excited state is much larger than the imaginary compo-
nent of the ground state energy for any twist angle θ.
The numerical result shows that we still have C = 1 for
t1 < t2. For t1 ' t2, the gap is much smaller, even
the ground state can not have a well-defined C, this is
because that the imaginary part of energy spectrum be-
comes important. Nevertheless, our results still indicate
a critical point at t1 ' t2. It suggests that there is still
an SPT phase in the non-hermitian case with complex
energy spectrum and it belongs to the same fixed point
as the quasi-Hermitian/Hermitian case.
In mathematics, the fixed point theory of topological
phases is described by a topological quantum field the-
ory (TQFT). It can be proven that a local 1+1D bosonic
TQFTmust be unitary (see Appendix B). In other words,
the fixed point theory of bosonic SPT phases of a local
non-Hermitian Hamiltonian is the same as the fixed point
of a bosonic SPT phases of some Hermitian Hamiltoni-
ans. Thus the generic 1 + 1D non-Hermitian bosonic
SPT phases of a local Hamiltonian can still be classi-
fied by H2(G,U(1)T ). In our future work, it will be of
great interest to examine whether the condition Eq. (12)
will indeed emerge for generic non-Hermitian systems or
not. Again, as 1D local fermionic systems can always
be mapped into local bosonic systems, we believe that
the classification of topological phases for non-Hermtian
fermionic systems is still the same as Hermitian systems.
Conclusion and discussion – In conclusion, we study
the classification of topological phases for 1D interact-
ing non-Hermitian systems, and it turns out that the
classification of topological phases are exactly the same
as Hermitian systems. Moreover, we find that unitar-
5ity can even emerge for fixed point partition functions
of 1D topological phases. In mathematics, the isomor-
phisms Hi(G; U(1)T ) ∼= Hi(G;C×T ) for all i > 0 sug-
gests that in 2D and 3D, the classification of interacting
SPT phases could still be the same for Hermitian and
non-Hermitian systems(at least for bosonic systems with
unitary symmetries). Of course, for intrinsic topological
phases in higer diemnsions, it has been shown that non-
Hermitian systems could be much more richer than Her-
mitian systems, e.g., string-net models constructed from
non-unitary fusion category theory are very interesting
examples91. Finally, how to define topological invariants
for generic non-Hermtian systems is still quite challeng-
ing, and it further suggests that topological phases tran-
sitions in non-Hermitian systems are much richer than
Hermitian systems, even in 1D. We believe that non-
unitary conformal field theory(CFT) might play a very
important role.
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Appendix A: Derivation of the exact sequence
Let G be a finite group. In this appendix, we will show
that Hi(G,U(1)) ∼= Hi(G,C×) and Hi(G,U(1)T ) ∼=
Hi(G,C×T ) for all i > 0, where C× = C \ {0} is the
multiplicative group of nonzero complex numbers, and
the subscript T means there are non-unitary symmetries
(for example, time-reversal symmetry) in G and thus G
nontrivially acts on the coefficient group. The proof of
the case that G is a compact Lie group is similar, and we
will discuss it in the final remark.
Clearly the inclusion U(1) ↪→ C× induces homomor-
phisms Hi(G,U(1)) → Hi(G,C×) for all i > 0; that
is, all U(1)-valued cochains are naturally C×-valued
cochains. It may be shown by direct calculation that
a C×-valued cocycle is automatically valued in U(1). We
will prove it in a more abstract way.
Denote by R+ the multiplicative group of positive real
numbers. It is known that Hi(G,R+) = 0 for all i > 0.
Consider the case that the symmetry group G only
contains unitary symmetries. For any g ∈ G we have
gig−1 = i, thus G acts trivially on coefficient groups U(1)
and C×. Then the short exact sequence of (multiplica-
tive) abelian groups with the trivial G-action
1 −→ U(1) −→ C× −→ R+ −→ 1 (A1)
induces a long exact sequence of cohomology groups
1 −→ H0(G,U(1)) −→ H0(G,C×) −→ H0(G,R+)
−→ H1(G,U(1)) −→ H1(G,C×) −→ H1(G,R+)
−→ H2(G,U(1)) −→ H2(G,C×) −→ · · · · · · (A2)
Since all cohomology groups Hi(G,R+) are trivial for
i > 0, and H0(G,A) = A for all A with the trivial G-
action, we get short exact sequences
1 −→ Hi(G,U(1)) −→ Hi(G,C×) −→ 1 (A3)
for all i > 0, which means that Hi(G,U(1)) is isomorphic
to Hi(G,C×) for all i > 0.
If G contains anti-unitary symmetries, for example the
time-reversal symmetry T , then the actions of G on co-
efficient groups U(1) and C× are non-trivial: if T ∈ G
is anti-unitary, we have T iT−1 = −i, i.e. T acts by the
complex conjugate. Similarly we have a short exact se-
quence of (multiplicative) abelian groups with G-action
1 −→ U(1)T −→ C×T −→ R+ −→ 1 (A4)
where the subscript T means the complex conjugate G-
action on coefficient groups. Note that the G-action on
R+ is trivial. This short exact sequence induces a long
exact sequence of cohomology groups
1 −→ H0(G,U(1)T ) −→ H0(G,C×T ) −→ H0(G,R+)
−→ H1(G,U(1)T ) −→ H1(G,C×T ) −→ H1(G,R+)
−→ H2(G,U(1)T ) −→ H2(G,C×T ) −→ · · · · · · (A5)
Recall that H0(G,AT ) is the G-invariant subgroup of
A for all A, thus H0(G,U(1)T ) = {±1} = Z2 and
H0(G,C×) = {z ∈ R | z 6= 0} = R×. So three H0
groups in the sequence form a short exact sequence
1 −→ Z2 −→ R× −→ R+ −→ 1. (A6)
Also, all cohomology groups Hi(G,R+) are trivial for
i > 0.Hence we get short exact sequences
1 −→ Hi(G,U(1)T ) −→ Hi(G,C×T ) −→ 1 (A7)
for all i > 0, which means that Hi(G,U(1)T ) is isomor-
phic to Hi(G,C×T ) for all i > 0.
Remark 1 A similar statement holds for any compact
Lie group G. We need a different definition for Lie group
cohomology with coefficients in an abelian Lie group,
called the differentiable cohomology.92
The proof is essentially the same. First, the short exact
sequence
0 −→ U(1) −→ C× −→ R+ −→ 0
of abelian Lie groups induces a long exact sequence of
differentiable cohomology groups; then we use the fact
Hi(G,R+) ∼= Hi(G,R) = 0 to complete the proof. These
two results are listed in page 4 of reference92.
Also we provide a easier way to compute the differen-
tiable cohomology Hi(G,U(1)). Note that the short exact
sequence
0 −→ 2piiZ −→ R −→ U(1) −→ 0
induces isomorphisms Hi(G,U(1)) ∼= Hi+1(G,Z), by the
6same argument as above. Since Z is discrete, the differ-
entiable cohomology Hi+1(G,Z) is the same as the usual
cohomology, which is isomorphic to the (singular) coho-
mology Hi+1(BG,Z) of the classifying space.
Appendix B: 1 + 1D bosonic topological quantum
field theory (TQFT)
A 2d TQFT is a (symmetric monoidal) functor Z :
Bord2 → Vect from the category of 1d closed manifolds
and cobordisms between them to the category of vec-
tor spaces; that is, an assignment which assigns a vector
space to each 1d space manifold (the space of states or
fields) and a linear operator to each 2d spacetime mani-
fold (the propogator), satisfying some natural conditions.
It is known that a 2d TQFT Z is determined by its
value Z(S1) on a circle, which is a commutative Frobe-
nius algebra (in Vect). More preciesly, the category of
2d TQFT is equivalent to the category of commutative
Frobenius algebras.
A unitary 2d TQFT is a (symmetric monoidal) func-
tor Z : Bord2 → Hilb which intertwines the orientation-
reversing and the Hermitian conjugate. That is, for any
cobordism M from Σ1 to Σ2, Z(M) is the Hermitian
conjugate of Z(M), where M is M equipped with the
different orientation. The unitary 2d TQFTs are still
classified by their values on S1, which are unitary com-
mutative Frobenius algebras (in Hilb). A Frobenius al-
gebra is called unitary if its product and coproduct are
Hermitian conjugate, and its unit and counit are Hermi-
tian conjugate.
A unitary commutative Frobenius algebra A is just Cn
as an algebra; its Frobenius structure, or the coproduct,
is determined by n positive real numbers ε1, . . . , εn; these
numbers also appear as the eigenvalue of the Hermitian
operator µ ◦∆ : A→ A, where µ and ∆ are the product
and coproduct of A. Thus, the information of a unitary
2d TQFT is contained in the spectrum of µ ◦∆.93
By a local TQFT we mean a fully extended TQFT,
that is, a (symmetric monoidal) functor which assigns
linear objects (numbers, linear spaces, linear categories,
. . . ) to manifolds of all codimensions. The reason why we
call it local is that a fully extended TQFT is determined
by its value on a point. If we forget what we assign to
higher-codimensional manifolds, a fully extended TQFT
becomes an ordinary TQFT. A 2d fully extended TQFT
is determined by its value on a point, which is a separa-
ble symmetric Frobenius algebra A. What we assign to a
circle is the center of A, which is also separable (semisim-
ple).94
Thus not all ordinary TQFTs can be extended down
to a point. A 2d TQFT Z is local, i.e. can be extended
down to a point, if and only if the commutative Frobenius
algebra Z(S1) is separable. A commutative separable
Frobenius algebra is just Cn with µ ◦ ∆ = id, i.e. each
εi = 1, and there is a unique unitary structure on it. It
follows that a 2d TQFT, if it is local, is also unitary.
Remark 2 However, the locality discussed above may be
too strong. There are two kind of theories: an L-type the-
ory is defined by a local Lagrangian on the spacetime (for
example, the Chern-Simons theory95), or a local partition
function on discrete spacetime lattice (for example, the
Dijkgraaf-Witten theory96 for finite groups), so the par-
tition function is well-defined on any spacetime manifold;
an H-type theory is defined by a local Hamiltonian on the
space, so the partition function is only well-defined on
Mspace×S1 (more generally,a fiber bundle over S1 whose
fiber is the space manifold). What we discussed above are
L-type theories, but in condensed matter physics we are
mainly interested in H-type theories. In 2 + 1D there are
non-unitary systems defined by local Hamiltonians91. In
1 + 1D bosonic systems, there are no intrinsic topological
phases, in the sense that the ground state degeneracy is
1 on any space manifold (such theories are called invert-
ible). Thus we believe that in 1 + 1D all local theories,
even defined by local Hamiltonians, are of L-type. Then
the above argument shows that they are all unitary the-
ory.
Appendix C: Emergent unitarity for 1 + 1D intrinsic
topological phases in quasi-Hermitian fermionic
systems
For 1 + 1D quasi-Hermitian fermionic systems, we can
use the Grassmann valued amplitude to construct the
partition function for topological phases. Below we con-
sider the so-called intrinsic topological phase which is
stable even without symmetry protection. It turns out
that there is one and only one such kind phase, namely,
the Kitaev’s Majorana chain model.
Let us consider the following partition function:
Zf =
∑
{nij}
∫ ∏
link
dθ+ijdθ
−
ij
∏
link
(1− θ+ijθ−ij)
∏
triangular
Vsijkijk ,
(C1)
where
V+ijk =
∑
nij ,njk,nik
ν+(nij , njk, nik)
(
θ+ij
)nij (
θ+jk
)njk (
θ−ik
)nik
V−ijk =
∑
nij ,njk,nik
ν−(nij , njk, nik)
(
θ+ik
)nik (
θ−jk
)njk (
θ−ij
)nij
(C2)
and
ν−(nij , njk, nik) = [ν+(nij , njk, nik)]
∗ (C3)
We note that the fermion parity conservation will further
requires:
nij + njk + nik = 0 mod 2 (C4)
7Actually, in terms of quantum field theory lan-
guage, V± can be regarded as Grassmanm valued am-
plitude, and the Grassmann variable θ+/θ− satisfy-
ing standard Grassmann algebra is associate with cre-
ation/annihilation operator c†/c.
Now we consider the time ordered Pachner moves for
Grassmann valued partition. Formally, we can write
down the 2↔ 2 move as:
∫
dθ+03dθ
−
03(1− θ+03θ−03)V+013V−023 =
∫
dθ+12dθ
−
12(1− θ+12θ−12)V−123V+012 (C5)∫
dθ+13dθ
−
13(1− θ+13θ−13)V+123V+013 =
∫
dθ+02dθ
−
02(1− θ+02θ−02)V+023V+012 (C6)
We note that due to the even number of Grassmann variable constraint, we can remove the summation over nij
and obtain:
ν+(n01, n13, n03)ν−(n02, n23, n03) =ν−(n12, n23, n13)ν+(n01, n12, n02) (C7)
ν+(n12, n23, n13)ν+(n01, n13, n03) =ν+(n02, n23, n03)ν+(n01, n12, n02) (C8)
Similarly, the 1↔ 3 moves further imply:
ν+(n01, n13, n03) =
∑
n12
ν−(n12, n23, n13)ν+(n02, n23, n03)ν+(n01, n12, n02) (C9)
ν+(n02, n23, n03) =
∑
n12
ν+(n12, n23, n13)ν+(n01, n13, n03)ν−(n01, n12, n02), (C10)
We notice the combination of the time ordered 2 ↔ 2 and 1 ↔ 3 moves will give rise to the unitary condition on
ν±2 : ∑
nij
ν+(nij , njk, nik)ν−(nij , njk, n′ik) = δnik,n′ik (C11)
and
ν+(n12, n23, n13)ν+(n01, n13, n03) = ν+(n02, n23, n03)ν+(n01, n12, n02) (C12)
A simple solution reads:
ν±(nij , njk, nik) = 1/
√
2 (C13)
Its corresponding ground state wavefunction(defined by
a partion function with a boundary) is described by an
equal weight superposition of all the even number fermion
configurations(associate with a proper fermion ordering).
This solution actually describes the non-trivial phase of
Kitaev’s Majorana chain model, which has a protected
Majorana zero modes on its open ends. To see this
more explicitly, let us recall the Hamiltonian of the Ki-
taev’s Majorana chain on an ordered 1D lattice without
a boundary:
H =
N−1∑
i=I
(cI − c†I)(cI+1 + c†I+1) + (c1 − c†1)(cN + c†N )
(C14)
We choose the anti-periodical boundary condi-
tion(APBC) to simplify our discussion. Due to the
fact
[
(cI − c†I)(cI+1 + c†I+1)
]2
= 1, we can define the
following projectors
Pi =
1
2[1− (cI − c
†
I)(cI+1 + c
†
I+1)]; i = 1, · · · , N − 1
PN =
1
2[1− (c1 − c
†
1)(cN + c
†
N )]; i = N (C15)
It is easy to check P 2I = PI and [PI , PJ ] = 0. Thus,
the Hamiltonian of the Kitaev’s Majorana chain model
is actually a summation of commuting projectors.
H =
N∑
I=1
(1− PI) (C16)
As a result, the ground state can be generated by act-
ing the product of all projectors
∏
I PI onto an arbi-
trary state if the projector do not annihilate it. It
turns out for those states with even number fermion
8∏
I PI |even〉 do not vanish and the ground state is an
equal weight superposition of all possible even number
fermion configurations(Notice the fermion basis are or-
dered as 1 < 2 < · · · < N).
In the following, let us explicit show why our solution
describes the fixed point partition function of the Majo-
rana chain. Since the gap of the system should be infinite
at the fixed point, we need to rescale the Hamiltonian
Eq.(C16) as:
H = U
N∑
I=1
(1− PI) ; U →∞ (C17)
The corresponding fixed point partition function reads:
Z = e−βH =
(
e−∆τH
)n ' (∏
I
PI
)n
(C18)
In the last step we omit the overall constant. In each
imaginary time slice ∆τ = β/n, the partition function
takes a form:
Z∆τ '
∏
I
PI (C19)
In the fermion coherent state representation, we can ex-
press each PI as:
〈θ′Iθ′I+1|PI |θIθI+1〉
=12 〈θ
′
Iθ
′
I+1|θIθI+1〉
[
1− (θI − θ′I)(θI+1 + θ′I+1)
]
=12(1 + θ
′
IθI)(1 + θ′I+1θI+1)
[
1− (θI − θ′I)(θI+1 + θ′I+1)
]
=12[(1 + θ
′
IθI)(1 + θ′I+1θI+1)− (θI − θ′I)(θI+1 + θ′I+1)],
(C20)
where the fermion coherent state |θI〉 is defined as:
|θI〉 = |0〉 − θIc†I |0〉 (C21)
and from the Grassmann algebra we have θ2I = 0.
The above expression evolve four Grassmann variable,
so we need to introduce two triangle with a shared edge
to represent the above amplitude, see in Fig. 4(a). If we
define:
θI = θ−01; θI+1 = θ−13; θ′I = θ+02; θ′I+1 = θ+23, (C22)
It is easy to check the amplitudes:∫
dθ+12dθ−12(1− θ+12θ−12)V−012V+123
=12
[
(1 + θ′IθI)(1 + θ′I+1θI+1)− (θI − θ′I)(θI+1 + θ′I+1)
]
=〈θ′Iθ′I+1|PI |θIθI+1〉, (C23)
where the coefficients of V± are the solutions in Eq.(C13):
V+ijk =
1√
2
∑
nij ,njk
(
θ+ij
)nij (
θ+jk
)njk (
θ−ik
)|nij−njk|
V−ijk =
1√
2
∑
nij ,njk
(
θ+ik
)|nij−njk| (
θ−jk
)njk (
θ−ij
)nij (C24)
Thus, we prove the amplitude in Fig. 4(a) do repre-
sent the projector PI . The partition function in a time
slice can be constructed by a product of PI , as shown
in Fig. 4(b), notice that in a partition function with a
global time ordered structure will be naturally associated
with APBC, as discussed above. Other boundary condi-
tions require the introducing of discrete spin structures,
which is much more complicated and beyond the scope of
this manuscript. In conclusion, we see that without any
physical symmetry, there is still a non-trivial topologi-
cal phase in 1D quasi-Hermitian fermion systems, and
unitarity will emerge for its fixed point partition func-
tion, which exactly describes the ground state phase of
Kitaev’s Majorana chain model.
FIG. 4. The graphic representation of the ideal Hamiltonian
for the Majorana chain. (a) The graphic representation of
the projector PI , all the group elements gi in this case are
just a trivial identity. (b) The graphic representation for the
partition function Z∆τ for a 3 sites system with APBC.
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